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Abstract. We prove that certain Banach subalgebras H of C*{X) are iso- 
metrically isomorphic to CaoiX), for some unique (up to homeomorphism) 
locally compact Hausdorff space Y . The space Y is explicitly constructed as a 
subspace of the Stone-Cech compactification of X. The known construction of 
Y enables us to examine certain properties of either H or Y and derive results 
not expected to be deducible from the standard Gelfand Theory. 



1. Introduction 

By a space we mean a topological space: completely regular spaces are Hausdorff. 
Throughout this note the underlying field of scalars (which is fixed throughout each 
discussion) is assumed to be either the real field M or the complex field C, unless 
specifically stated otherwise. 

Let X be a completely regular space. Denote by C*{X) the set of all continuous 
bounded scalar-valued functions on X. If / G C*{X), the zero-set of /, denoted by 
Z(/), is /~^(0), the cozero-set of /, denoted by Coz(/), is X\Z{f ), and the support 
of /, denoted by supp(/), is cljcCoz(/). Let 

Coz(X) = {Coz(/):/gC*(X)}. 

The elements of Coz{X) arc called cozero-sets of X. Denote by Coo{X) the set of 
all / G C*{X) which vanish at infinity (i.e., |/|^^([e, oo)) is compact for each e > 0) 
and denote by Ck{X) the set of all / e C*{X) with compact support. 

This work is a continuation of our previous work [3] (and [T^ , though it is self 
contained) in which we have studied the Banach algebra of continuous bounded 
scalar- valued functions with separable support defined on a locally separable metriz- 
able space X. Indeed, this article is an outgrowth of the author's unsuccessful 
(partly successful, however) attempt to give an alternative proof of the celebrated 
commutative Gelfand-Naimark Theorem. We show that certain Banach subalge- 
bras H of C*{X) are representable as CooiX) for some unique locally compact 
Hausdorff space Y . We construct Y explicitly as a subspace of the Stone-Cech 
compactification of X . The known construction of Y enables us to examine certain 
properties of either H oi Y and derive results not expected to be deducible from 
the standard Gelfand Theory. 

We now briefly review certain facts from General Topology. Additional informa- 
tion may be found in [5] and d]. 
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1.1. The Stone— Cech compactification. Let X be a completely regular space. 
By a compactification "fX of X we mean a compact Hausdorff space jX containing 
X as a dense subspace. The Stone-Cech compactification /3X of X is the com- 
pactification of X which is characterized among all compactifications of X by the 
following property: Every continuous f : X K , where K is a compact Hausdorff 
space, is continuously extendable over /3X; denote by this continuous extension 
of /. The Stone-Cech compactification always exists. Use will be made in what 
follows of the following properties of f3X. 

• X is locally compact if and only if X is open in /3X. 

• Any open-closed subspace of X has open-closed closure in I3X. 

• U X <ZT C PX then l3T = PX. 

• If X is normal then (3T = cl^x^ for any closed subspace T of X. 

1.2. Locally- spaces. Let ^ be a topological property. A space X is called 
locaUy-3^, if each x G X has an open neighborhood U in X whose closure cixU 
has ^. 

1.3. Metrizable spaces and separability. The density of a space X, denoted 
by d{X), is the smallest cardinal number of the form \D\, where D is dense in X. 
Therefore, a space X is separable if d{X) < Hp. Note that in any metrizable space 
the three notions of separability, being Lindelof, and second countability coincide; 
thus any subspace of a separable metrizable space is separable. By a theorem 
of AlexandrofF, any locally separable metrizable space X can be represented as 
a disjoint union X = [J^^j Xi, where / is an index set, and Xi is a non-empty 
separable open-closed subspace of X for each i E I . (See Problem 4.4.F of [3 .) 
Note that d{X) = |/| if / is infinite. 

1.4. Paracompact spaces and the Lindelof property. Let X a regular space. 
For any open covers ^ and Y oi X we say that ^ is a refinement of 7^ if every 
element of is contained in an element of Y . An open cover of X is called 
locally finite if each point of X has an open neighborhood in X intersecting only a 
finite number of the elements of . The space X is called paracompact if for every 
open cover oi X there is an open cover of X which refines ^ . Every metrizable 
space is paracompact and every paracompact space is normal. The Lindelof number 
of X, denoted by t{X), is the smallest cardinal number m such that every open 
cover of X has a subcover of cardinality < m. Therefore, X is Lindelof if £(A') < Kq. 
Any locally compact paracompact space X can be represented as a disjoint union 
X — Ujgj Xi, where I is an index set, and Xi is a non-empty Lindelof open-closed 
subspace of X for each i G /. (See Theorem 5.1.27 of [3].) Note that i[X) = |/| if 
/ is infinite. 

2. The representation theorem 
The subspace XhX of (3X defined below plays a crucial role in our study. 
Definition 2.1. Let X be a completely regular space and let H C C*(X). Define 
AffX IJ {iuifixc\fixGo'L{h) -.heH}. 

The above definition of AjyX is motivated by the definition of X,^X (here ^ is 
a topological property) as given in [6] (also, in [7] and [8J. Note that XhX is open 
in /3X and is thus locally compact. 
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A version of the classical Banach-Stone Theorem states that if X and Y are 
locally compact Hausdorff spaces, the Banach algebras Coo{X) and Coo(Y) are 
isometrically isomorphic if and only if the spaces X and Y are homeomorphic (see 
Theorem 7.1 of [2 ); this will be used in the proof of the next theorem. 

Recall that if X is a space and _D is a dense subspace of X, then 

c\xU = c\x{U r\ D) 

for any open subspace U of X . 

Theorem 2.2. Let X he a completely regular space. Let H he a Banach suhalgehra 
ofC*{X) such that 

(1) For any x G X there is some h E H with h{x) ^ 0. 

(2) For any f £ C*{X), i/supp(/) C supp(/i) for some h G H, then f E H. 
Then H is isometrically isomorphic to Ccx}{Y) for some unique locally compact 
Hausdorff space Y , namely Y — XhX . 

Proof. We divide the proof into verification of several claims. 
Claim. X C \hX. 

Proof of the claim. Let x E X . By (1) there is some h E H with h{x) ^ 0. Since 
Coz(/i^) C cl/3xCoz(/i^) — c\-px{X n Coz(/i/3)) = cl/3xCoz(/i) 

we have 

X E Coz(/i^) C int^xcl;3xCoz(/i) C X^X. 
This proves the claim. 

For any / E C*{X) denote fn = fpl^nX. By the above claim fn extends /. Note 
that supp(|/|) = supp(/) for any / E C*{X); thus by (2) we have |/| £ if if / £ H. 

Claim. For any f E C*{X) the following are equivalent: 

(a) fEH. 

(b) fHeCooi^HX). 

Proof of the claim, (a) implies (b). Arguing as in the proof of the first claim we 
have Coz(/i^) C XhX. If e > then 

\fH\-'{[e,^))^\fp\-\[e^oo)) 

is closed in f3X and is therefore compact. 

(b) implies (a). Let n be a positive integer. Since |/^f |~^([l/n, oo)) is a compact 
subspace of XhX, we have 

\fH\~^{[l/n, oo)) C (J int^xcl/3xCoz(/ij) 

i=l 

C |JcWCoz(/i,) 

1=1 

= cl0x(UCoz(/^O) 

i=l 

fen kn 

= c\px[\JCoz{\h,\)^ =cl^xCoz(^|/i,|) 

i=l i=l 
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for some hi,. . . , hk„ € H. Let 

9n = \hi\ + ■ ■ ■ + \hkj e H. 

We have 

|/ri([l/n,oo)) = Xn|/Hri([l/n,^)) 

C XC\ cl^jsf Coz(c/„) = clxCoz(5„) supp(5„). 

Let 

(We may assume that ^ for each positive integer n.) Then g ^ H. Since 

oo oo 

Coz(/) - U \ f\-^{[l/n,^)) C U supp(5„) C supp(.g) 

n— 1 n—1 

we have supp(/) C supp((7), which by (2) yields f £ H . This proves the claim. 

Claim. Let ip : H ^ Cooi^HX) be defined by ijj{h) = hn for any h H . Then if) 
is an isometric isomorphism. 

Proof of the claim. By the second claim the function ^ is well-defined. It is clear 
that tp is a homomorphism and that ip is injective. (Note that X C XhX by the 
first claim and that any two scalar-valued continuous functions on XhX coincide, 
provided that they agree on X.) To show that ip is surjective, let g £ Coo{XhX). 
Then {g\X)H = g and thus g\X £ H by the second claim. Now ip{g\X) = g. 
Finally, to show that ip is an isometry, let h € H. Then 

\hH\{XHX) = \hH\ich,xX) C ch{\hH\{X)) = ch{\h\{X)) C [0, \\h\\] 

which yields < \\h\\. That \\h\\ < is clear, as hn extends h. This proves 

the claim. 

The uniqueness part of the theorem follows from the Banach-Stone Theorem. □ 

The following corollary of Theorem 12.21 also is of interest. 

Theorem 2.3. Let X be a completely regular space. Let H be a Banach subalgebra 
of C* {X) such that 

{•k) For any x £ X there is some h E H with h{x) ^ 0. 

Then H may be isometrically imbedded into CoaiX) for some locally compact Haus- 
dorff space Y , namely Y = XhX . 

Proof. Let 

G = {f eC*{X) : supp(/) C supp(/i) for some heU). 

We show that G is a Banach subalgebra of C*{X) satisfying conditions (l)-(2) of 
Theorem 12. 21 By Theorem 12. 21 it then follows that G is isometrically isomorphic to 
Coo(F) where Y = XqX. (Note that y is a locally compact Hausdorff space.) We 
then observe that XqX = XhX . Since G contains H , this will complete the proof. 

To show that G is a subalgebra of G*{X), let gi S G, where i = 1,2, and let 
hi £ H he such that supp((7i) C supp(/ii). Then 

supp(5i + 32) C supp(5ii) U supp(52) C supp(/ii) U supp(/i2) C supp{hl + hj). 
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Since hf + h2 ^ H we have 31+32 G G. Also, 3132 e G, as supp((jfi32) ^ supp(gi) 
(and supp(3i) C supp(/ii)). Similarly, eg € G if g € G and c is a scalar. Therefore, 
G is a subalgebra of C*{X). 

To show that G is a Banach space we show that G is closed in C*{X). Let 
31, 32, ■ • ■ be a sequence in G converging to some / e G*{X). For each positive 
integer n let ft,„ e _ff be such that supp(g„) C supp(/i„). (We may assume that 
hn j^O.) Since 

00 00 00 

Coz(/) C (J Coz(3„) C y supp(.g„) C (J supp(/i„) C supp(/i) 

n— 1 n— 1 n— 1 

where 

00 2 
n=l 



\hl\\ 



we have supp(/) C supp(/i). Since h G H it then follows that f € G. 

Note that G satisfies condition (1) of Theorem l2.21 as (by the definition of G) G 
contains and (by (★)) H docs. That G satisfies condition (2) of Theorem 12.21 is 
obvious and follows from the definition of G. 

To conclude the proof we need to show that XqX = \hX . That XhX C XqX is 
obvious, as H C G. The reverse inclusion XqX C XhX also is obvious and follows 
from the definition of G (and of XqX and XhX). □ 

3. Examples 

In this section we give examples of spaces X and Banach subalgebras H of G* (X) 
for which Theorem 12.21 is applicable. 

Recall that a topological property ^ is called hereditary with respeet to closed 
subspaees, if each closed subspace of a space with ^ has 

Theorem 3.1. Let £2 be a topological property hereditary with respect to closed 
subspaees. Let 0^ be a topological property such that 

(1) has 3^. 

(2) !^ is hereditary with respect to closed subspaees of spaces with 

(3) Any space with ^ containing a dense subspace with !^ has £^ . 

(4) Any space representable as the union of a countable number of its closed 
.subspaees each with ^ has . 

Let X be a completely regular locally-^ .space with cS. Let 

H^{f e C*{X) ; supp(/) has 

Then H is a Banach algebra isometrically isomorphic to Coo{Y) for some unique 
locally compact Hausdorff .space Y , namely Y — XhX . 



Proof. We verify that H satisfies the assumption of Theorem 12.21 First, we need 
to show that 77 is a subalgebra of G*{X). Note that G by (1). Let f,g e H. 
Then supp(/) U supp(3) has as it is closed in X, and has as it is the union 
of two of its closed subspaees each with ^F; see (4). Since 

supp(/ + g) Q supp(/) U supp(g) 

it then follows that supp(/ + 17) has by (2). That is / + 3 G iJ. Analogously, 
fgeH and cf e H for any scalar c. (Note that supp(/3) C supp(/).) 
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Next, we show that H is closed in C*{X). Let hi, /12, ... be a sequence in H 
converging to some / G C*{X). Note that 

00 

= clx( y supp(/i„)) 

n=l 

has =S, as it is closed in X, and thus by (3) has as it contains IJ^i supp(ft.„) 
as a dense subspace, and by (4) the latter has as it is a countable union of its 
closed subspaces each with Note that 

00 

Coz(/) C y Coz(/i„). 

Therefore supp(/) has 0^ by (2), as it is closed in E. That is / G i?. 

This shows that if is a Banach subalgebra of C*{X). Next, we verify that H 
satisfies conditions (1) and (2) of Theorem 12.21 

To show that H satisfies condition (1) of Theorem 12. 2[ \et x € X. Let U be an 
open neighborhood of x in X such that clxC^ has 3^ . Note that c\xU has also =S, as 
it is closed in X. Let / : X — >■ [0, 1] be continuous with f{x) = 1 and f\{X\U) = 0. 
Then supp(/) has 3^ by (2), as it is closed in c\xU . Therefore f G H. 

That H satisfies condition (2) of Theorem 12.21 is clear, as if / £ C*{X) with 
supp(/) C supp(/i) for some h G H, then supp(/i) has ^ (and also i?, as it is 
closed in X) and thus, by (2) again, so does its closed subspace supp(/). Therefore 

feH. □ 

Remark 3.2. Observe that in the proof of Theorem 13. II we actually proved that H 
is a closed subalgebra of C*{X). 

Remark 3.3. The set 

CAX) = {/ e C*{X) : supp(/) has ^} 

where X is a space and is a topological property, has been also considered in 
[T] and [TT]. In [T] (Theorem 2.2) conditions are given which are necessary and 
sufficient for C,0e{X) to be a Banach space. The approach in [11] is quite algebraic. 

The next two theorems are to provide examples of topological properties ^ and 
^ satisfying the assumption of Theorem 13.11 Theorem 13.41 (l)-(4) is known (see 
[9]); we sketch the proof here for its application in the proof of Theorem 13.51 (and 
completeness of results). We will use the following facts. 

A space X is called countahly compact if every countable open cover of X has 
a finite subcover, equivalently, if every countable infinite subset of X has a limit 
point in X. If X is a locally compact Hausdorff space then Coo{X) = Ck{X) if 
and only if every cr-compact subspace of X is contained in a compact subspace of 
X (see Problem 7G.2 of [5); in particular, Coo{X) — Ck{X) implies that X is 
count ably compact. 

Let D be an uncountable discrete space. Denote by Dx the subspace of jSD 
consisting of elements in the closure in D of countable subsets of D. In [T^, the 
author proves the existence of a continuous (2- valued) function / : D\\D [0,1] 
which is not continuously extendible over PD\D. This, in particular, proves that 
D\ is not normal. (To see this, suppose the contrary. Note that D\\D is closed 
in D\, as D is locally compact and thus open in /3£). By the Tietze-Urysohn 
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Extension Theorem, / is extendible to a continuous bounded function over I?a, 
and therefore over I3D\ — (3D; note that D C D\. But this is not possible.) 

The Tarski Theorem states that for any infinite set /, there is a collection ,^ of 
cardinality |/|^" consisting of countable infinite subsets of /, such that the intersec- 
tion of any two distinct elements of is finite. (See [5].) Note that the collection 
of all subsets of cardinality at most m in a set of cardinality n > m has cardinality 
at most n'^. 

A space X is called linearly Lindeldf ii every linearly ordered (by C) open cover 
of X has a countable subcover, equivalently, if every uncountable subset of X 
has a complete accumulation point in X. (A point x X is called a complete 
accumulation point of a set A ^ X ii \U f] A\ = \A\ for any open neighborhood U 
of X in X.) 

Observe that if X is a space and C X, then 

Ur]c\xD = c\x{Ur\D) 
for any open-closed subspace U oi X . 

Theorem 3.4. Let X he a locally separable metrizable space. Then C's{X) is a 
Banach algebra isometrically isomorphic to Cryo{Y) for some unique (up to home- 
omorphism) locally compact H aus dor ff space Y, namely Y — Xcg(x)X. Moreover 

(1) Y is countably compact. 

(2) Y is non-normal, provided that X is non-separable. 

(3) CUY) = Ck{Y). 

(4) dimCsiX) = d{Xf°. 
(5) 

Cs{X) = {/ £ C*{X) : supp(/) is Lindeldf] 

= {/ £ C*{X) : supp(/) is linearly Lindeldf^ 
= {/ £ C*{X) : supp(/) is second countable^. 

Proof. Let be separability and =S be metrizability. Then the pair and ^ 
satisfy the assumption of Theorem 13.11 (Observe that any subspace of a separa- 
ble metrizable space is separable.) As remarked in Part 1.3 the space X may be 
represented as a disjoint union 

x^[jx,, 

where / is an index set and Xi is a non-empty separable open-closed subspace of 
X for each i G /. To simplify the notation, for any J C I denote 

Hj = y X,. 

Observe that Hj is open-closed in AT, thus it has open-closed closure in (3X. Also 

\cs{x)X = [J{cl^x^^j : J C / is countable}. 

To show this, let C G Coz(X) be separable. Then C is Lindelof and therefore 
C C Hj for some countable J C I. Thus cljsxC C dpxHj- On the other hand, if 
J C / is countable, then Hj is a cozero-set in X, as it is open-closed in X, and it 
is separable. Since clpxHj is open in (3X we have 
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Note that (3) implies (1). (3). Let A = [jn>i ^n, where each An is compact, be 
a cr-compact subspace of Xcs{x)^- By compactness and the definition of Xcs{x)^ 
we have 

(3.1) An C cl^xHj, U • • • U cl^xHj,^ 
for some countable Ji, . . . , Jk„ ^ /• Let 

oo 

(3.2) J= |J(Jfc, U---U JfeJ. 

Then J is countable and A C cl/jxHj. That is A is contained in the compact 
subspace clpxHj of Xcs(x)X- 

(2). Let Xi G Xi for each i £ I. Then £) {x^ : z e /} is a closed discrete 
subspace of X, and since X is non-separable, it is uncountable. Suppose to the 
contrary that Xcs{x)^ is normal. Then 

^Cs{x)^ ri clpxD = \^{c\i3xHj n clpxD : J C 7 is countable} 

is normal, as it is closed in Xcs{x)X- Now, let J C 7 be countable. Since cl^xHj 
is open-closed in PX we have 

dfixHj n cl;3x-D = clajf (cl/ijfi7,/ f^D)= dpxiHj n D) = cli3x{{xi :ieJ}). 

But c\j3xD = /3D, as D is closed in (the normal space) X. Therefore 

cl0x{{xi : i e J}) = clisx{{xi -.ie J}) nd/jxD = cl^r,({xi :i& J}). 

Thus 

Ac;s(x)-^ n cl/3jcD = |^{cl/3Di? : E C 7) is countable} = Dx, 

contradicting the fact that D\ is not normal. 

(4). Since X is non-separable, I is infinite and d{X) — \I\. Let be a collection 
of cardinality |7|^° consisting of countable infinite subsets of 7, such that the inter- 
section of any two distinct elements of is finite. Let fj = XHj for any J & J' . 
No element in 

is a linear combination of other elements (as each element of ^ is infinite and 
each pair of distinct elements of J' has finite intersection). Observe that ^ is of 
cardinality \J'\. Thus 

dimCs(X) > |../| = |7|^° = d{Xf\ 

On the other hand, if / € Cs{X), then supp(/) is Lindelof (as it is separable) 
and thus supp(/) C Hj, where J C 7 is countable; therefore, we may assume that 
/ € C*{Hj). Conversely, if J C 7 is countable, then each element of C*{Hj) 
can be extended trivially to an element of Cs{X) (by defining it to be identically 
elsewhere). Thus Cs{X) may be viewed as the union of all C*{Hj), where J 
runs over all countable subsets of 7. Note that if J C 7 is countable, then 77j is 
separable; thus any element of C*{Hj) is determined by its value on a countable 
set. This implies that for each countable J C I, the set C*{Hj) is of cardinality at 
most = 2^°. There are at most |7|^° countable J C 7. Therefore 

dim Cs(X) < \Cs{X)\ < | |J {C*{Hj) : J C 7 is countable} 

< 2^° • |7|^° = |7|^° =d(X)*^°. 



REPRESENTATIONS OF CERTAIN BANACH ALGEBRAS 



9 



(5). A metrizable space is Lindelof if and only if it is second countable, and being 
Lindelof implies being linearly Lindelof. But any linearly Lindelof locally separable 
metrizable space T is necessarily Lindelof; to see this, assume a representation of 
T as a disjoint union 

where J is an index set and Ti is a non-empty separable open-closed subspace of T 
for each i ^ J. Choose some ti G Ti for each i e J and let E = {ti : i ^ J} . Suppose 
to the contrary that J is uncountable. Then E is uncountable and therefore E has a 
complete accumulation point, say s. If i S J is such that s d Ti, then Ti is an open 
neighborhood of s in T intersecting E only in ti. This contradiction shows that J 
is countable. Therefore T is separable and thus Lindelof. To complete the proof, 
observe that if supp(/) is linearly Lindelof for some / e C*{X), since supp(/) is a 
locally separable metrizable space, supp(/) is Lindelof. □ 

Theorem 3.5. Let X be a locally Lindelof paracompact space. Then Cl{X) is a 
Banach algebra isometrically isomorphic to Coo{Y) for some unique (up to home- 
omorphism) locally compact Hausdorff space Y , namely Y = Xc^(x)X . If X is 
moreover locally compact then 

(1) Y is countahly compact. 

(2) Y is non-normal, provided that X is non-Lindeldf. 

(3) C^{Y) = Ck(Y). 

(4) dimCL{X)=l{Xf°. 
(5) 

Cl{X) = [f e C*{X) : s\vpY>{f) is (J -compact] 

~ {/ G C* {X) : supp(/) is linearly Lindelof]. 

Proof. Let ^ be the Lindelof property and i? be paracompactness. We need to 
know that the pair 3^ and £2 satisfy the assumption of Theorem 13.11 It is well 
known that =S is hereditary with respect to closed subspaces. (See Corollary 5.1.29 
of [3].) It is obvious that !^ and ^ satisfy conditions (1), (2) and (4) of Theorem 
13.11 It is also known that any paracompact space with a dense Lindelof subspace 
is Lindelof (see Theorem 5.1.25 of [3]), that is, and £2 satisfy conditions (3) of 
Theorem 13.11 The first part of the theorem now follows from Theorem 13.11 The 
proofs for (l)-(4) are analogous to the ones we have given for the corresponding 
parts of Theorem 13. 41 (One needs to assume a representation for X as given in Part 
1.4.) To prove (5), observe that cr-compactness and the Lindelof property coincide 
in the realm of locally compact spaces. (See Problem 3.8.C of [3].) Also, observe 
that local compactness is hereditary with respect to closed subspaces. Thus, for 
any / G C*{X), since supp(/) is locally compact (as it is closed in X), supp(/) is 
(T-compact if and only if it is Lindelof. Finally, an argument analogous to the one we 
have given in the proof of Theorem l3.4l (5) shows that any linearly Lindelof locally 
compact paracompact space is Lindelof. Therefore, if / G C*{X) and supp(/) is 
linearly Lindelof, since supp(/) is a locally compact paracompact space, supp(/) is 
Lindelof. □ 
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